Scalable filter banks

Youngmi Hur? and Kasso A. Okoudjou®

“Department of Mathematics, Yonsei University, Seoul 120-749, Korea
bUniversity of Maryland, Department of Mathematics, College Park, MD 20742 USA

ABSTRACT

A finite frame is said to be scalable if its vectors can be rescaled so that the resulting set of vectors is a tight
frame. The theory of scalable frame has been extended to the setting of Laplacian pyramids which are based
on (rectangular) paraunitary matrices whose column vectors are Laurent polynomial vectors. This is equivalent
to scaling the polyphase matrices of the associated filter banks. Consequently, tight wavelet frames can be
constructed by appropriately scaling the columns of these paraunitary matrices by diagonal matrices whose
diagonal entries are square magnitude of Laurent polynomials. In this paper we present examples of tight
wavelet frames constructed in this manner and discuss some of their properties in comparison to the (non tight)
wavelet frames they arise from.
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1. INTRODUCTION

Let T = {z € C : |2| = 1}. In addition, for a m x n matrix A, AT, denotes its transpose. M, ,(z) will
denote the set of all ¢ X p matrices whose entries are Laurent polynomials in z € T with real coefficients, and
My(2) := Mg 1(2) will denote the set of all column vectors of length g. In the sequel, unless specified otherwise,
we assume that all the relations (such as identities, inequalities) among Laurent polynomial matrices in M, ,(2)
hold true for all z € T.

Given an integer ¢ > 2, consider a nonzero column vector with Laurent polynomial entries Hy(2), H;(2),. ..,
H,_1(z), denoted by
H(2) := [Ho(2), H1(2), ..., Hy1(2)]" € My(2).

To the (Laurent polynomial valued) vector H(z) we associate the Laplacian pyramid based Laurent polynomial
(LP?) matriz ®y(z) defined by

Ty(z) = [ H(z) I-H(2)H'(2) | € Myx(gs1)(2),
where I is the identity matrix and H*(z) is the conjugate transpose of H(z), given by

H*(2) := H(z)T = [Ho(2), Hi(2),...,Hy—1(2)] = [Ho(z™ 1), Hi(z™Y), ..., Hy1 (27 1)

We recall that for z € T, z~! = z. It follows that
By (2) [ . f) ] —I, V2eT.

Consequently, rank ®y(z) = ¢ for all z € T.

The LP? matrices are examples of Laurent polynomial matrices investigated in the setting of Laplacian
pyramidal algorithms! using the so-called polyphase representation.? They appeared also in connection with
various wavelet constructions. 456
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The LP? matrix ®y(2) is said to be paraunitary, if

Dy (2)P5(2) = 1.

The importance of paraunitary LP? matrices in the theory of tight filter banks®4 can be seen as follows. A
filter bank? satisfying the perfect reconstruction property can be constructed from any pair of matrices A(z) €
Mgxp(2), B(2) € Mpxq(2) such that A(2)B(z) = I. In addition, when A(z) is paraunitary, i.e. A(z)A*(z) = I,
the pair (A(z),A*(z)) gives rise to a tight filter bank. In the sequel, we are interested in choosing A(z) to be an
LP? matrix ®y(2) taking advantage of the fact that the latter is generated by the single filter associated with
the vector H(z).56

The existence of a tight filter bank from a paraunitary LP? matrix ®y(z) is equivalent to the existence of
a column matrix H(z) such that H*(z)H(z) = 1, that is, ZZ;B |Hy(2)|? = 1for allz € T. So column vector
without constant norm cannot be associated with a paraunitary LP? matrix. For example, the column vector
H(z) = [1,(1 + 271)/2]"/v/2 has a non-constant norm and hence cannot be associated with a paraunitary LP?
matrix.

In” ‘we investigated when a column vector H(z) such that H*(z)H(z) # 1 could be modified into a new column
vector H(z) for which H*(2)H(z) = 1 leading to a paraunitary LP? matrix ®z(z). In fact, the main result proved
in” gives a characterization of all matrices M (z) whose entries are Laurent polynomials such that ®y(z)M(z) is

paraunitary, i.e.
[©u(2) M (2)][M*(2)Py(2)] = T.

An LP? matrix ®y(z) for which such a diagonal matrix M(z) exists is referred to as scalable.” One of the
applications considered in” is that of the construction of tight wavelet filter banks. In the special case of
univariate filter banks the result relies on the Fejér-Riesz factorization Lemma.?? In this paper, we summarize
this construction and provide examples of tight wavelet filter banks that can be constructed with our method.
In particular, we show how to transform univariate non-tight, wavelet frames into tight wavelet ones in such a
way that the resulting refinable functions preserve most of the properties of the original refinable functions.

We note that the scalar version of our results have been investigated in numerical linear algebra in the context
of matrix preconditioning.!®!! In the particular setting of finite frames'? a special case of this question was
considered under the term of scalable frames which were introduced in*? (see also'®1%16) where one is interested
in the existence of nonnegative (scalar-valued) matrices D that would make a frame with synthesis (real) matrix
®, a tight frame, i.e., one which satisfies

eD*®" =1.

2. SCALABLE UNIVARIATE LP? MATRICES

We first summarize the main results of” concerning scaling LP? matrices. The first result [7, Theorem 2.1] shows
that for any LP? matrix ®(2z) € My (4+1)(2), there exists a diagonal matrix B(z) € Mgy1,441(2) such that

Du(2) B(x)P5(2) = L (1)

More specifically,
THEOREM 2.1. [7, Theorem 2.1] Let ®y(z) be an LP? matriz associated with H(z) € My(z). Then we have

Oy(z)diag([2 — H*(2)H(2), 1,...,1]))®y(z) = L.

Theorem 2.1 gives a sufficient condition for the diagonal matrix B(z) to satisfy the identity in (1). However,
the diagonal matrix B(z) does not necessarily have the form given by the Theorem. Indeed, consider the case
where H(z) = [0, 1]7, and

010
We notice that if we take B(z) = diag([1,1,0]), then we get the desired property, ®y(z)B(z)P;(z) = I, but
this B(z) is not of the form in Theorem 2.1. We also notice that the LP? matrix ®y(z) in this case is actually



paraunitary, hence another possible choice for B(z) is I = diag([1,1, 1]), which is of the form in Theorem 2.1.
In fact, any B(z) of the form B(z) = diag([1,1,¢]), ¢ € R, satisfies ®y(z)B(z)P;;(z) = I for this example.

The following result clarifies the cases in which the solution given by Theorem 2.1 is unique.
THEOREM 2.2. [7, Theorem 2.4] Let H(z) = [Ho(z), H1(2),..., Hy—1(2)]T € My(2), and let ®y(z2) be the as-

sociated LP? matriz. Suppose that B(z) € Mg11)x(q+1)(2) is diagonal satisfying ®u(z)B(2)®4(z) = I. Then
B(z) = diag([2 — H*(2)H(2),1,...,1]) for z € T\ Sy, where the set Sy C T is defined as

Sy:={z€T: Hy(2)H (2) =0 or 1 — |Ho(2)|> — |H1(2)|* = 0}
if g =2, and as
Sy:={2€T: Hy_1(2)Hiy,-1(2) =0, forsomek=1,...,q—1,i=1,...,q—k}

if ¢ > 3.

3. UNIVARIATE TIGHT WAVELET FILTER BANKS
3.1 The theory

As an application of the results presented in Section 2 we present a new method for constructing univariate tight
wavelet filter banks for any dilation parameter A > 2. We first review a few basic facts on wavelets, wavelet filter
banks and their polyphase representations. More details can be found, for example, in.?5 17

A filter h: Z — R is called lowpass if ), ., h(k) = V/\, and highpass if > kez M(k) =0.

The z-transform of a filter & is defined as H(z) := >, ., h(k)z™*. A Laurent polynomial column vector
H(z) € My(2) is called the (synthesis) polyphase representation of a filter h if

H(Z) = [Hl/o (Z)7HV1 (Z)7 te 7HVq71(Z)]T7

where H,(z) is the z-transform of the filter h, defined as h, (k) = h(A\k +v), k € Z.
(

Let h be a lowpass filter with positive accuracy, and let H(z) € M, (z) be its polyphase representation. Suppose
that there exists a Laurent polynomial mg(z) such that 2 — H*(2)H(2) = |mu(2)|?>. Then, by Theorem 2.1 we see
that

Py(z)diag([mu(z),1,...,1]) = [ ma(2)H(z) I —H(2)H*(z) ]
is paraunitary, i.e. ®g(z) is scalable (cf. Section 1).

As discussed in Section 1, the LP? matrix ®y(2) is paraunitary if and only if H*(2)H(z) = 1, Vz € T. Therefore,
when ®y(z) itself is not paraunitary, scaling it as above can result in transforming a non-paraunitary matrix
®y(2) into a paraunitary matrix ®y(z)diag([my(2),1,...,1]). In fact, such a scaling is special in the sense that
it modifies only the first column of ®y(z), from H(z) to my(z)H(z), while keeping all the other columns intact.

From the ongoing discussions, the construction of tight wavelet frames hinges on the existence of a Laurent
polynomial my(z) such that 2 — H*(2)H(z) = |mgu(2)|?. So it is necessary that 2 — H*(2)H(z) > 0, for all z € T
which is equivalent to H*(z)H(z) < 2,Vz € T. It might suffice to rewrite H*(2)H(2) in terms of the mask 7:
confer [7, Lemma 3.1]. When one has checked that 2 — H*(z)H(z) > 0, for all z € T, then one can appeal to the
well-known Fejér-Riesz lemma®? to prove the following result:

THEOREM 3.1. [7, Theorem 3.3] Let h be a 1-D lowpass filter with positive accuracy and dilation A > 2, and let
H(z) be its polyphase representation. Suppose 2 —H*(z)H(z) > 0, Vz € T. Then there is a polynomial my(z) such
that [my(2)H(2), I — H(2)H*(2)] gives rise to a tight wavelet filter bank whose lowpass filter h is associated with
my(2)H(z) and has the same accuracy as h. Furthermore, if the support of h is contained in {0,1,...,s}, then
the support of h is contained in {0,1,...,2s}.



3.2 Examples

In Burt and Adelson’s original LP paper,! the tensor product of 1-D lowpass filter [1/4—a/2,1/4,a,1/4,1/4—a/2]
is used, with the parameter a ranging over {0.3,0.4,0.5,0.6}. In this subsection we apply our new construction
method to these 1-D Burt-Adelson filters to obtain tight filter banks. Welet h := [1/4—a/2,1/4,a,1/4,1/4—a/2]
be the 1-D Burt-Adelson lowpass filter. We initially consider any real number for the parameter a, but will soon
give an admissible range for a. Then, the associated z-transform H(z) and refinement mask 7 are given as,
respectively,

H(z)=V2 (i - ;) (272 +2%) + ?(z* +2)+ V2, z€T,

1 1
T(w) = i—a cosQw—i—icosw—i-a, w € [—m, ],

and the components of the polyphase representation H(z) = [Ho(z2), H1(2)]T, z € T, are given as

Ho(z) = V2 (le - ;) (z7'+2)+ V2a, Hy(z) = g(l + z).

By observing that
7(w) = (4 — 8a) cos? % + (—3 + 8a) cos® %,

it is easy to see that the accuracy of the refinement mask 7 (or the lowpass filter h) is 4 if a = 3/8, and 2 if
a # 3/8. Furthermore, the filter & is a three-tap filter if a = 0.5, and a five-tap filter if a # 0.5.

Since we have

2
) , 1 1 7
2 —H"(e")H(e™) = -2 (2 - a) cos? w + <4a2 —2a— 4) cosw + i 2a?,

by setting ¢ := cos® w, we investigate when the polynomial f(t) := =2 (3 — a)2 2+ (4a* —2a — 1)t + T — 24?

satisfies the condition
max{f(t): t € [-1,1]} = max{f(1), f(—1)} = max{1, —8a* + 4a + 3/2} > 0.

Therefore, we see that long as —1/4 < a < 3/4, the condition 2 — H*(e?)H(e™) > 0 is satisfied, hence our con-
struction method outlined in the previous subsection can be applied. In this case, from Fejér-Riesz factorization
Lemma, we know that there exists my(2) = az™! + 8 + vz, with «, 8,7 € R, such that 2 — H*(e™“)H(e>) =
|mu(e)|?. By expanding |mg(e™)|? and comparing the terms in each side, we obtain
_1+4+b+2 _1-0 _1+0-2c
@ = 4 ) /B - 2 ) ’7 - 4 )

where

b=+v/-8a2+4a+3/2, c=+/(1+b)2/4+2(1/2—a)
Hence our construction method provides a new refinement mask

~ . 1 a . 1 . 1 . 1 a . . .
T(w) — T(w)mH(eZZw) — ((4 _ 2) e—QZw 4 Ze_lw +a+ Zew + (4 _ 2) e2zu) (ae—2zw +B+’7€22w)

that gives rise to the tight wavelet filter bank.
When a = 0.5, the original filter h is a three-tap filter with accuracy 2, and it is associated with the centered
14z, if-1<z<0,
hat function: ¢(z) = {1—=z, if0<x <1, Choosingb = /3/2 and ¢ = —(2+ v/6)/4 gives a = 0, =
0, otherwise.
(2 —/6)/4,7 = (2 +1/6)/4, hence we get

<1eiw+; 1 iw) (2\/6+2+\/662w> _ 2*\/66—iw+2*\/6+16w+2*\/662m+2*\/663m

1 t1° 1 1 16 8 4 ) 16 :

T(w) =




Figure 1. The original (¢, left) and the new (¢, right) refinable functions for a = 3/8.

-0.2

Figure 2. The original (¢, left) and the new (¢, right) refinable functions for a = 0.3.

whose accuracy 2 as well, by Theorem 3.1. The associated new refinable function gg (with support [—3,1]) is
the same as the new refinable function (with support [0,4]) studied in Example 1 of,” up to integer translation,
hence we omit the graph of (E in this paper. The length of support of gg is twice of that of ¢, as can be read from
Theorem 3.1. Choosing other signs for b and ¢ produces exactly the same refinable function ¢, up to integer
translation and symmetry with respect to vertical lines.

When a = 3/8, the original filter h is a five-tap filter with accuracy 4, and by choosing b = 1/15/8 and
c= —\/(1 +4/15/8)2/4 +2(1/2 — 3/8)2, we get a new refinement mask 7 with accuracy 4. The graph of the
new refinable function (E together with the graph of the original refinable function ¢ is depicted in Fig. 1.

When a = 0.3 and 0.6, respectively, h is a five-tap filter with accuracy 2, and it is associated refinable function
¢ with support [—2,2], hence, by choosing b = \/—8a2 + 4a + 3/2 and ¢ = —/(1 + b)2/4 + 2(1/2 — a)?, we get
a new refinement mask 7 with accuracy 2 whose associated refinable function qg is supported on [—4,4]. The
graphs of ¢ and 5 are shown in Fig. 2 and Fig. 3, respectively.
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Figure 3. The original (¢, left) and the new (gg, right) refinable functions for a = 0.6.

to Kasso Okoudjou).

REFERENCES

[1] Burt, P. J. and Adelson, E. H., “The Laplacian pyramid as a compact image code,” 31(4), 532-540 (1983).
[2] Vaidyanathan, P. P., [Multirate Systems and Filter Banks], Prentice-Hall, Englewood Cliffs, NJ (1993).
[3] Do, M. N. and Vetterli, M., “Pyramidal directional filter banks and curvelets,” in [Proc. IEEE Int. Conf.
Image Processing], 3, 158-161 (2001).
[4] Hur, Y. and Ron, A., “CAPlets: wavelet representations without wavelets,” (2005). preprint. Available:
ftp://ftp.cs.wisc.edu/Approx/huron.ps.
[5] Hur, Y., “Effortless critical representation of Laplacian pyramid,” 58, 5584-5596 (2010).
[6] Hur, Y., Park, H., and Zheng, F., “Multi-D wavelet filter bank design using Quillen-Suslin theorem for
Laurent polynomials,” 62, 5348-5358 (2014).
] Hur, Y. and Okoudjou, K. A., “Scaling Laplacian Pyramids,” SIAM. J. Matriz Anal. 36:1, 348-365 (2015).
8] Fejér, L., “Uber trigonometrische polynome,” J. Reine Angew. Math. 146, 53-82 (1916).
] Riesz, F., “Uber ein Problem des Herrn Carathéodory,” J. Reine Angew. Math. 146, 83-87 (1916).
| Balakrishnan, V. and Boyd, S., “Existence and uniqueness of optimal matrix scalings,” SIAM J. Matriz
Anal. Appl. (16), 29-39 (1995).
[11] Chen, K., [Matriz preconditioning techniques and applications], no. 19 in Cambridge Monographs on Applied
and Computational Mathematics, Cambridge University Press, Cambridge (2005).
[12] Casazza, P. G. and Kutyniok, G., [Finite frames: Theory and applications], Birkhduser, Boston (2013).
[13] Kutyniok, G., Okoudjou, K. A., Philipp, F., and Tuley, E. K., “Scalable frames,” Linear Algebra and its
Applications 438(5), 2225 — 2238 (2013).
[14] Cabhill, J. and Chen, X., “A note on scalable frames,” in [Proceedings of the 10th International Conference
on Sampling Theory and Applications], 93-96 (2013).
[15] Copenhaver, M. S.; Kim, Y. H., Logan, C., Mayfield, K., Narayan, S. K., and Sheperd, J., “Diagram vectors
and tight frame scaling in finite dimensions,” Operators and Matrices 8(1), 73-88 (2014).
[16] Kutyniok, G., Okoudjou, K. A., and Philipp, F., “Scalable frames and convex geometry,” Contemp. Math.
(626), 19-32 (2014).
[17] Do, M. N. and Vetterli, M., “Framing pyramids,” 51(9), 2329-2342 (2003).



